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Stimulated electromagnetic shock radiation: Classical second-order calculations
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By performing classical, relativistic, second-order calculations we have shown that simulated electromag-
netic shock radiation~SESR! is given out as an enormously amplified, exponentially growing, frequency
upshifted, highly directional coherent electromagnetic radiation. We have derived expressions specifying the
electric field components of SESR in the most compact and readable form. Hence we have calculated the field
amplitudes of SESR for different sets of external controlling parameters and plotted some typical results in the
most sensitive region, viz., very near the threshold of superphase motion. We have also shown the variation of
SESR with respect to external parameters graphically. The results obtained are of importance in achieving a
tunable source of coherent radiation in the frequency region not covered by existing sources.
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I. INTRODUCTION

The interaction in a medium of an electromagnetic wa
and a relativistic electron beam possessing superlumina
locity ~exceeding the phase velocity of the electromagn
waves in that medium! has been considered by many wor
ers so far@1–13#. A charged particle traversing a dielectr
with superluminal velocity emits Cherenkov radiation@14#.
It is the well known process of spontaneous Cherenkov
diation that has been extensively studied@15,16# both experi-
mentally and theoretically. When the charged particle p
sessing superluminal velocity is additionally kept under
influence of an external electromagnetic wave, it gets mo
lated and hence emits stimulated Cherenkov radiation@17#.
The currently developing devices of coherent electrom
netic radiation, viz., Cherenkov free-electron lasers@18#, are
based on the process of stimulated Cherenkov radiat
Stimulated electromagnetic shock radiation, the subjec
the present paper, is a special case of stimulated Chere
radiation in which a particular geometry, viz., head-on co
sion of an electron beam and an electromagnetic wave
considered. It is of interest from the theoretical as well as
experimental point of view because of its possible use
generating coherent electromagnetic radiation in the
quency region not covered by existing sources.

Schneider and Spitzer proposed@1# a mechanism for pro-
ducing coherent photons by interaction in a dispersive n
absorbing medium of relativistic electrons having superlu
nal velocity with counterflowing coherent electromagne
waves, and named@2# the effectstimulated electromagneti
shock radiation~SESR! @19#. In a series of interesting pape
@1–6# they studied and discussed the properties of SESR
involves a synergism between two known phenome
namely, the Doppler shift in frequency of Compton bac
scattering from relativistic electrons in vacuum@20# and the
formation of a shock by a material body moving at a spe
greater than that of the waves it produces in the medium
comprises the generation of intense radiation in the form
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shock front, with frequencies shifted markedly from that
the incident wave. The emitted radiation is claimed to
very intense, coherent, and highly directional, and of f
quency that is greatly upshifted from that of the incide
electromagnetic wave. Moreover, it is tunable, i.e., the o
put characteristics of the radiation can be varied over a w
range of parameters obtainable by changing any one or
combination of characteristics of three physical agents
produce this effect. They are the incident electromagn
wave, the electron beam, and the polarizable medium.
cause of these striking features the effect seems to be
interesting and useful for achieving a better, tunable sou
of coherent electromagnetic radiation of frequency not av
able at present.

However, the results obtained by Schneider and Spi
have some limitations. They used many simplifying appro
mations such as the use of the electron’s mean position
mean energy instead of using their time varying values
plicitly. They considered only the first-order electric fie
effects and omitted the magnetic field effects which actua
become significant for the electron ultrarelativistic motio
Without working out the interaction process rigorously
incorporating higher order calculations for the simplest c
of dispersionless dielectrics, they have extended their, ra
approximate, analysis to more complicated situations of d
persive and active media. Therefore their claims ab
SESR, such as directionality, coherence, orders of magni
enhancement over ordinary Cherenkov radiation, and a
nificant frequency upshift compared to the incident elect
magnetic wave, need to be checked with more rigorous
culations. Further theoretical work on this effect by Soln@9#,
Zachary@7,10#, Kroll @8#, Becker@12#, and Risbud@13# did
not support most of the conclusions of Schneider and Spi
and exhibited somewhat contradictory results. Zachary’s
sults implied the requirement of an extension of the pres
linear theory to second order or higher to take into acco
recoil of the radiating particle. Becker’s quantum mechani
treatment@12# also concluded that a linear approximatio
with respect to the intensity of the incident field is not suf
cient for Cherenkov type SESR.

All the above mentioned dynamical calculations we
confined to linear response of the electron to the incid
©2001 The American Physical Society01-1
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wave and the analysis needs to be supplemented by the s
of nonlinear effects such as the effect of the recoil of
electron~which is due to the effect of the magnetic fieldB
associated with the incident electromagnetic wave! on the
radiation. The effect is intrinsically classical and the calc
lations involve only Maxwell’s equations and the Loren
force equation in a polarizable medium. Because of the
portance of the effect we have done the calculations in
ducing second-order electric field effects on SESR. For s
plicity, we have restricted consideration to a nonmagne
dispersionless dielectric medium, although the dispersive
ture of the dielectric is expected to play an important role
SESR.

In this paper we present our work in the following fiv
sections. In Sec. II we give a general outline of the meth
by which we have tackled the problem mathematically.
Sec. III, we outline the major steps involved in the calcu
tions and discuss the meaning of the main results of
present work specified by Eqs.~26!, ~27!, and ~28! below
representing the electric field components of SESR,
compare them with the results of previous works. As
results expressed by Eqs.~26!–~28! are not suitable for cal-
culating the field strengths of SESR, we have performed
Sec. IV an integration with respect tov and obtained the
results in nice, compact, and readable form as given by E
~35!, ~36!, and~37!. These expressions are more suitable
numerical calculations of the field components and they a
exhibit all the characteristics of SESR. We have also ca
lated the field strengths of SESR by varying the parame
in their entire feasible ranges. Section IV is devoted to
merical estimates and their analysis. In Sec. V the graph
representation of the numerical calculations of the result
shown by Figs. 1–10. Section VI is devoted to a summ
and conclusions.

II. GENERAL OUTLINE

In this paper, by using the method of Fourier transform
we have obtained the second-order solutions~nonlinear re-
sponse of the electron to the incident wave! of Maxwell’s
equations that specify the electromagnetic fields that ge
ate SESR in the configuration of a linearly polarized pla
electromagnetic wave~of amplitudesE0, B0 and frequency
v0! colliding head on with a relativistic electron beam po
sessing superluminal velocityv0 ~v0.c/n0 , n05Aem
5refractive index! along theZ axis in a nonmagnetic homo
geneous isotropic linear dispersionless dielectric medium
infinite extent. We assume that the electron’s velocity is j
above ~i.e., very much in the vicinity of! the threshold of
superphase motion. We have used standard notation
Gaussian units throughout this paper. Using Fourier tra
forms of all quantities, namely,E, B, r, and j , appearing in
Maxwell’s equations, their general solutions are written
@13#

E~X,t !5
4p i

~2p!4E
2`

1`

d3k dv

3ei ~vt2k•X!
@v j ~k,v!2c2kr~k,v!/e#

v2e2c2k2 , ~1!
03650
dy
e
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B~X,t !5
24pc

~2p!4 “3E
2`

1`

d3k dv ei ~vt2k•X!F j ~k,v!

v2e2c2k2G .
~2!

These equations are general in so far as external source~j ,
r! are concerned, i.e., they hold for an arbitrary charge d
tribution of electrons in the incident beam.

In order to determine electromagnetic fields we have p
formed the complicated multiple integrals appearing in E
~1! and ~2! with the substitution of the driving terms, viz
r(k,v) and j (k,v), appropriate for the situation unde
study. For that we have calculated Fourier transforms of
charge densityr(R,t) and the current densityj (R,t) by first
determining the time varying velocityV(t) and the position
R(t) of the electron under the influence of the incident ele
tromagnetic wave by solving the Lorentz force equation t
governs the electron’s motion.

III. CALCULATIONS

In the following we consider the electromagnetic wa
interacting as a whole with the electron~single particle inter-
action!. Therefore, we retain in addition to the electric fie
term the magnetic field term in the Lorentz force equatio
The effect of the magnetic field is seen to induce recoil in
electron’s motion. We have done the second-order calc
tions by retaining terms up toE0

2 which are sufficient to
include magnetic field effects. We have taken the electro
time varying position and energy explicitly in the calcul
tions and used relativistically correct equations througho
However, in our expression the magnetic field is not exp
itly seen as we have expressed it in terms of the electric fi
associated with the electromagnetic wave.

In the situation under consideration, with respect to
laboratory frame of reference, we write the charge and c
rent densities respectively as

r~r ,t !52ed„r2R~ t !…, ~3!

j ~r ,t !52eV~ t !d„r2R~ t !…, ~4!

whered denotes the Diracd function,e is the magnitude of
the electronic charge,V(t)5dR(t)/dt, R(t) is the position
of the electron at timet in the field of the incident electro
magnetic wave, andr is the position of an observer at timet.
The Lorentz force on the electron due to the incident el
tromagnetic wave in a medium@21,22# is

F5
d

dt
~gm0V!52eFEi~R,t !1

V

c
3„Bi~R,t !…Gge, ~5!

where m0 is the rest mass of an electron,g5(1
2V2/c2)21/2,

Ei5E0 sin~v0t2k0z!5 ŷEi ~6!

and

Bi5B0 sin~v0t2k0z!5 x̂Bi ~7!
1-2
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are, respectively, the electric and magnetic fields of the in
dent electromagnetic wave at the electron’s position, and

Bi5n0k̂03Ei , k̂05
k0

uk0u
52 ẑ, uk0u5

v0n0

c
. ~8!

Due to the relativistic anomalous Doppler effect@23,24# the
frequency of the electromagnetic wave experienced by
electron is

V5
g0v0~11b0n0!

b0n0 cosu021
, ~9!

whereb05uv0 /cu, g05(12b0
2)21/2, andu0 is the observa-

tion angle measured with respect to the electron velocity
rection. We assume that the initial velocity of the electron
very slightly above the threshold value for superphase m
tion. We seek the solutions of the Lorentz force equation~5!
in the form @25#

vz5
c

n0
~11muz!, vy5

c

n0
muy , vx50, ~10!

wherem!1 andvu t505v0 , because of the boundary cond
tions, viz., uzu t5051, uyu t5050. Using Eq.~10! in Eq. ~5!
and linearizing with respect tom we get@26# the electron’s
velocity as

vy52b0 sin 2Vt, vz5v01vz8 , ~11!

where vz85a0(cos 4Vt21), a05c f d/16V2n0 , and b0

5cd/2Vn0 .
The velocity of the electron in the inertial frame movin

with velocity v0 with respect to the laboratory is (0,vy ,vz8).
Transforming to the laboratory frame of reference, using
Lorentz transformation equation@24#, we get the electron’s
velocity and position, respectively, as

V~ t !5S 0,
vy

g0
,v01

vz8

g0
2D ~12!

and

R~ t !5S 0,
1

g0
y~ t !,v0t1

1

g0
2 z~ t ! D ~13!

wherey(t)5*vy(t)dt andz(t)5*vz8(t)dt.
Substitutingvy andvz from Eq.~11! in Eqs.~12! and~13!

and integrating with respect tot we get the following com-
ponents for the velocityV(t) and positionR(t) of the elec-
tron with respect to the laboratory frame:

Vx~ t !50, Vy~ t !52
b0

g0
sin 2Vt,

~14!

Vz~ t !5v01
a0

g0
2 ~cos 4Vt21!

and
03650
i-

e

i-
s
-

e

X~ t !50, Y~ t !5b cos 2Vt, Z~ t !5v08t1a sin 4Vt,
~15!

wherea5a0 /g0
24V, b5b0/2Vg0 , andv085v024aV.

To calculate inverse Fourier transforms of the charge
current densities we use the definition of the inverse Fou
transform as

r~k,v!5E
2`

1`E
2`

1`E
2`

1`E
2`

1`

dt dx dy dzr~r ,t !e2 i ~vt2k•r !

~16!

and

j ~k,v!5E
2`

1`E
2`

1`E
2`

1`E
2`

1`

dt dx dy d zj ~r ,t !e2 i ~vt2k•r !.

~17!

We use the components ofR(t) andV(t) from Eqs.~15! and
~14! in Eqs. ~3! and ~4!, substituter(r ,t) and j (r ,t) thus
obtained in Eqs.~16! and ~17!, and perform the integrals
with respect tox, y, z, and t appearing therein using th
properties of thed function and the following relations fo
the Bessel functions@27#:

exp~6 ia sinu!5 (
l 52`

1`

Jl~a!exp~6 i l u!, ~18!

exp~6 ia cosu!5 (
m52`

1`

Jm~a!exp~6 imu!~6 i !m.

~19!

We obtain the following expression for the transformed de
sities:

r~k,v!522pe (
l ,m52`

1`

ep i l /2Jl~bky!Jm~akz!

3d„v2kzv0822V~ l 12m!…, ~20!

j y~k,v!5pebV (
l ,m52`

1`

e~ ip/2!~ l 21!Jl~bky!Jm~akz!

3@d„v2kzv0822V~ l 12m11!…

2d„v2kzv0822V~ l 12m21!…#, ~21!

j x~k,v!50, j z~k,v!5 j 01 j 1 , ~22!

where

j 0522pev08 (
l ,m52`

1`

e~p i l /2!Jl~bky!Jm~akz!

3d„v2kzv0822V~ l 12m!…, ~23!
1-3
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j 1524peaV (
l ,m52`

1`

e~p i l /2!Jl~bky!Jm~akz!@d„v2kzv08

22V~ l 12m12!…1d„v2kzv0822V~ l 12m22!…#.

~24!

The transformed densities given by Eqs.~20!–~24! are the
driving terms in Eqs.~1! and~2!. The most important part o
the calculations starts here. To determine the electromagn
fields in the situation under study we have to substitute
values ofr(k,v) and j (k,v) specified by Eqs.~20!–~24!
into Eqs.~1! and ~2! taken componentwise and perform th
multiple integrals appearing therein. We give the details
the calculations in Appendix B. The parameters appearin
Eq. ~15!, viz., b5eE0n0An0

221g/2V2m0g0 and a
5e2E0

2n0(n0
221)2g2/32cV3m0

2g0
2 contain all the externa

controlling factors of the process, the field strengthE0 , field
frequencyv0 , electron energyg0 , and refractive index of
the medium n0 . In terms of the induced velocityv i
5eE0 /m0V and b i5v i /c the parametersb and a can be
written as

b5b i

c

V

n0An0
221

2

g

g0
, a5b i

2 c

V

n0~n0
221!2

32

g2

g0
2 .

We assume that the incident electromagnetic wave is
small intensity~i.e., possessing field strengths considera
less than the breakdown voltages'1010statvolts/cm!. There-
fore, the dielectric gives a linear response to the fields
the induced velocities are quite small (b i<1023). In that
case the magnitudes of the parametersb and a are mainly
governed byb i as b}b i and a}b i

2. As b i<1023 and a/b
<1024, we say thatb is the first-order parameter inb i anda
is the second-order parameter inb i ~and therefore also in the
electric field!. It is through these parametersb anda that the
interaction of the incident electromagnetic wave with t
electron beam has entered into the problem. We note f
the expressions of the induced charge and current dens
given by Eqs.~20!–~24! that the effect of the external elec
tromagnetic wave is included in the problem throughb anda
coming from the product of the Bessel functions, vi
( l ,mJl(bky)Jm(akz). As Jl(bky)}(bky)

l and Jm(akz)
}(akz)

m, different powers of the parametersb and a enter
into the calculations when the sums with respect tol andm
are taken. As the second-order parametera is at least four
orders of magnitude smaller than the first-order parameteb,
we neglect the third-order parameterab as compared tob2 or
a and the fourth-order parametera2 as compared toab, and
so on.

Therefore we retain terms containingb, b2, anda, while
neglecting all higher order terms containingab,b3,..., etc.,
and a2,a3,..., etc., in the calculations. For convenience w
change to a cylindrical coordinate system withk(kr ,f,kz),
r (r,f8,z), j ( j r5 j y , j f50,j z), k•r5krr cos(f2f8), and
d3k5krdkrdf dkz . Using Eq.~1! we write the electric field
E(Er ,Ef ,Ez) as
03650
tic
e

f
in

of
y

d

m
ies

,

E~r ,t !5
2i

~2p!3 E
0

`

krdkrE
0

2p

dfE
2`

1`

dkzE
2`

1`

dv

3ei @vt2krr cos~f2f8!2ksz#

3Fv j ~k,v!2~c2k/e!r~k,v!

v2e2c2k2 G . ~25a!

We note that Eq.~25a! written componentwise implies

Ez}Fv j z~k,v!2
c2kz

e
r~k,v!G , ~25b!

Er}Fv j r~k,v!2
c2kr

e
r~k,v!G , ~25c!

Ef}
c2f

e
r~k,v!, ~25d!

where the components of the transformed source dens
are given by Eqs.~20!–~24!. Using relations~25b!, ~25c!,
and ~25d! we write Eq. ~25a! componentwise, perform the
multiple integrals appearing therein, make the approxim
tions mentioned, simplify, and obtain@28# the main result
specifying the electric field of the emitted radiation as

Ez~r ,t !5
e

2c2 E v dv eivtH H0
~2!~rA!S 12

c2k

evv08
D

3S 12
b2A2

4 De2 ikz2H0
~2!~rA6!F S 12

c2k6

evv08
D

3S b2A6
2

8
6

ak6

2 D 2
2aV

v08
Ge2 ik6z1

b

2
e7~p i /2!

3H0
~2!~rA68 !FA68 S 12

c2k68

evv08
D Ge2 ik68 zJ , ~26!

Er~r ,t !5
e

2ev08
E dv eivtH 2AH0

~2!~rA!S 12
b2A2

4 D
3e2 ikz1

A6

2v08
H0

~2!~rA6!

3F S b2A6
2

4
6ak67

b2eV

2c2 v D Ge2 ik6z

1
be

2
e7p i /2H0

~2!~rA68 !S 1

e
6

V

c2 v De2 ik68 zJ ,

~27!

and
1-4
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Ef~r ,t !5
pe

2ev08
E dv eivtH H0

~2!~rA!S 12
b2A2

4 De2 ikz

1H0
~2!~rA6!F S b2A6

2

8
6

ak6

4 D Ge2 ik6z

1
b

2
e7p i /2A68 H0

~2!~rA68 !e2 ik68 zJ , ~28!

where6 terms with6 suffixes are written together for con
venience, but are to be read as separate terms, and

k5
v

v08
, A25

ev2

c2 2k2, k65
v64V

v08
,

A6
2 5

ev2

c2 2k6
2 , k68 5

v62V

v08
,

A68
25

ev2

c2 2k68
2.

Equations~26!–~28! are the main results of our prese
work. They specify the electric field of the emitted radiati
in the situation under study. The SESR field is denoted
E(Er ,Ef ,Ez) where the componentsEr , Ef , and Ez are
given, respectively, by Eqs.~27!, ~28!, and~26!. In order to
extract the meaning of the main results, it is desirable
simplify these expressions and see how they compare
the results of previous work.

Therefore, we consider a limiting situation, viz., that
which there is no electromagnetic wave, i.e., the situation
ordinary Cherenkov radiation~CR!. In that case the field-
dependent parametersa andb are zero. Puttinga5b50 in
Eqs.~26!–~28! we get the components of the electric field
the emitted radiation as

Ez~r ,t !5
e

2c2 E dv vei ~vt2kz!H0
~2!~rA08!S 12

1

eb0
2D ,

~29!

Er~r ,t !5
2e

2ev0
2 E dv vei ~vt2kz!H0

~2!~rA08!Aeb0
221,

~30!

Ef~r ,t !5
pe

2ev0
2 E dv ei ~vt2kz!H0

~2!~rA08!, ~31!

where

A085
v

v0
Aeb0

221.

We note that Eqs.~29! and~30! exactly match the result Eqs
5.1 of Tamm@29#, which specify thez andr components of
the electric field of Cherenkov radiation. The componentEf
given by Eq.~31! appears to be additional in our calcul
tions, but it is not so. By substituting the asymptotic value
H0

(2)(rA) or otherwise@30,31#, the integral appearing in Eq
03650
y

o
th

f

f

~31! can be shown to vanish. Thus our result~in the special
case of no external electromagnetic wave! exactly reduces to
the well known expressions of Tamm@29#.

We observe that the terms appearing in our result gi
by Eqs. ~26!–~28! are of two types; viz., Cherenkov-like
terms containing the phase factork, which we call CR-like
terms, and terms different from CR containing the phase f
tor k6 andk68 , which we identify as true SESR terms. Th
CR-like components show radiation of frequencies the sa
as that of CR, but with modified amplitudes, while the tr
SESR components show a frequency shift. The terms c
taining a or b2 specify the second-order field effect. Th
first-order parameterb is absent in CR-like terms and so th
CR-like SESR is a second-order field effect. This conclus
is quite consistent with Eq.~5.27! of Becker@12#, in which
only second-order terms in intensity of the incident field a
seen in the power spectrum. As the treatment of Becke
quantum mechanical, a more exact comparison is not p
sible. Moreover, Becker omitted the most sensitive reg
which is very near the threshold, but we have mainly co
centrated on that@32#. The SESR components show both t
first- and second-order field-induced terms. As CR has noEf
component, getting radiation withEf given by Eq.~28! is a
field-induced effect due to SESR. Moreover, our resu
through the parametersa and b, can quantitatively specify
the effect of all the controlling parameters, viz.,E0 , v0 , n0 ,
andg0 , on SESR.

The first-order term of our result for theEr component
given by Eq. ~27! shows consistency with Zachary’s@10#
result. The term containing the factors7beVv/c2 in Eq.
~27! can be identified as the transverse SESR field, viz.,E1
given by Zachary’s@10# Eq. ~2.13!. However, our result
shows an additional multiplying factor inEr , viz.,
@n0An0

221/2(11b0n0)#, and an additional factor~2 g! for
the shifted frequencyV. Our result forEr also shows an
additional first-order term~not obtained by Zachary! contain-
ing the factor (b/2). We attribute this difference to the re
finement in calculations introduced by taking the electro
time varying position and energy~rather than their mean
values! and using relativistically correct expressions expl
itly. Therefore our results are more exact. The first-ord
term containingb of Eq. ~26! also agrees~in magnitude! with
the longitudinal SESR field given by Risbud@13#, viz., the
second term of their Eq.~26!. However, as the final expres
sions specifying the fields of the SESR obtained by Zach
@10# and Risbud@13# are not in closed form@due to unevalu-
ated partial differentials appearing outside the integrals
Eqs.~2.14! and ~2.15! of Zachary@10# and Eq.~26! of Ris-
bud @13## a more exact comparison of the results is not p
sible. As the results given by Eqs.~26!–~28! are not suitable
for numerical estimation of the fields, we have performed
integration with respect tov and obtained expressions th
are suitable for numerical calculation of the field comp
nents. This is done in the next section.

IV. NUMERICAL ESTIMATES AND ANALYSIS

Equations~26!–~28! are further written explicitly in terms
of v as
1-5
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Note that the first term inEf given by Eq.~34! containing
H0

(2)(rA) does not contribute~since its integral can be
shown to vanish!. In the above equations the second-ord
terms containinga1b2 are not included~since they are quite
small!. Equations~32!–~34! clearly show that the true SESR
contains the frequency components 2V and 4V, which are
upshifted fromv0 , the frequency of the incident electroma
netic wave. Therefore we denote them as SESR-2V and
SESR-4V components. In order to calculate the strength
the SESR fields we further integrate@33# the above equations
with respect tov and obtain the results
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The compact integrated result specified by Eqs.~35!–~37! is
more suitable for numerical estimation of the SESR fiel
They also contain all the characteristics of SESR. The fi
terms of Eqs.~35! and~36! give CR-like fields while all the
remaining terms along with those of Eq.~37! give SESR
fields in the two modes, viz., 2V and 4V. The coefficientsa9
anda14 specify the amplitudes of CR-like SESR in units
e/2c2. When the external wave is absent, puttinga50 in a9
and a14 we recover the corresponding components of
normal CR in units ofe/2c2 as

a125a9ua50⇒~Ez!CR, a195a14ua50⇒~Er!CR.

Both modes of SESR show exponential amplificati
along r and propagation nearly along thez direction. We
identify, from the phase factors in the two equations,
components of the propagation vectors of the two mode
SESR as

k2V5S 2V

v08Am8
, 0,

2Veb08
2

v08~eb08
221!D

and

k4V5S 4V

v08Am8
, 0,

4Veb08
2

v08~eb08
221!D .

Hence we find the direction of propagation of both mod
with respect toz as the angleu satisfying the equation

u5tan21S kr

kz
D5sin21uc ,

whereuc is the angle of the CR cone.
The above equation is satisfied only for small angles,

so u<2° 108. Equations~35!–~37! also show an additiona
factor (eb08

221)21 in the frequencies of the two SES
modes. Due to this, the frequency upshift in SESR beco
substantially large@34# as compared to the frequency of th
incident electromagnetic wave. The field amplitudes
SESR can be determined by evaluating coefficientsa9–a22
03650
.
st
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e
of

s

d

es

f

when the external parametersE0 , v0 , g0 , b0 , andn0 are
specified. In order to study the variation of SESR with r
spect to external parameters, we have scanned the valu
their entire feasible ranges 3<E0<33105 statvolts/cm, 5
3107<v0<531015Hz, and 1.000 25<n0<6.

As m5(b0n021), by choosing 1026<m<1021, we
have determined allowedb0 values for a givenn0 by using
b i,1025. The numerical calculations show that as co
pared to the normal CR the CR-like SESR gives a sm
reduction, but the true SESR modes~2V and 4V! show an
orders of magnitude increase. As CR is quite weak@15,35#
the SESR-2V and -4V components, even though extreme
large as compared to CR, do give feasible values of the fie
of a few V/cm. The componentEf given by Eq. ~37! is
characteristic of SESR~both SESR-2V and SESR-4V!, since
CR-like SESR and normal CR do not possess any sucf
components.

The calculated values of the field components, in the
tire range, give the following conclusions. For the CR-li
SESR,

uEru.uEzu,

for the SESR-2V mode,

u~Er!2Vu.u~Ez!2Vu@u~Ef!2Vu,

and for the SESR-4V mode,

u~Ez!4Vu@u~Er!4Vu@u~Ef!4Vu.

Since CR has noEf component, gettingEf is a field-
induced effect. The role ofEf and the source of energy ar
clear when we calculate Poynting’s vector. When the ne
tive sign of the electron is explicitly included and the sig
of the appropriate coefficients (a9–a22) are also taken from
numerical calculations, different components of the elec
field are found to have the following signs. For CR-lik
SESR,Ez,0, Er.0, while for SESR-2V, Ez,0, Er.0,
Ef.0, and for SESR-4V, Ez,0, Er,0, Ef,0.

We calculate the Poynting’s vectorS5(c/4p)(E3H) for
SESR, usingH5( k̂3E0)n0 , and write its components in
units of cn0/4p as follows. For CR-like SESR,

~Sr!CR-like.0, ~Sz!CR-like.0.

For SESR-2V,

~Sr!2V52Ef
2 1Ez~Er2Ez!.0 sinceuEru.uEzu@uEfu,

~Sf!2V5Ef~Ez1Er!.0,

and

~Sz!2V5Ef
2 1Er~Er2Ez!.0 sinceuEru.uEzu.

For SESR-4V,
1-7
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TABLE I. Numerical values of the ratios of the field components ofE4V to the corresponding compo
nents ofE2V for different sets of external parametersE0 , v0 , n0 , andb0 .

E0

~statvolts/cm!
v0

~Hz!
n0 b0 (Ef)4V /(Ef)2V (Er)4V /(Er)2V (Ez)4V /(Ez)2V

33105 531015 1.002 5 0.997 6 3.531024 8.3310216 4.9831024

33105 531015 1.15 0.869 7 2.6931025 4.13310217 3.6831025

3 531011 2 0.500 1 4.331022 1.25310214 5.731022

3 53109 1.000 25 0.999 85 2.231024 5.2310216 3.131024
n
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~Sr!4V52$Ef
2 1Ez~Er1Ez!%,0,

~Sf!4V5Ef~Er2Ez!,0 sinceuEzu@uEru,

~Sz!4V5Ef
2 1Er~Er1Ez!.0.

We note that the fields of SESR-2V are similar in sign to
CR-like fields with only the componentEf extra and so its
Poynting’s vector also has a positive componentSf extra.

Further, as in normal CR, for CR-like SESRSr andSz are
both positive and for SESR-2V all three components ofS are
positive, while for SESR-4V only (Sz)4V.0. Therefore we
see that CR-like SESR is the same as normal CR with o
the amplitude changed. But the SESR-2V is different. It
gives radiation of upshifted frequency component 2V con-
fined to the CR cone, with an additional component of rad
tion in the f direction. The SESR-4V is quite different. It
gives radiation of upshifted frequency component 4V propa-
gating only in thez direction. Thus we see that due to SES
energy is radiated in the CR cone for SESR-2V, and in the
~longitudinal! z direction due to SESR-4V. So the SESR-4V
mode is highly directional. The remaining components of
Poynting’s vector, which are negative, supply energy to
electron beam. Thus the electron beam absorbs energy
the incident electromagnetic wave and emits it in the form
SESR which is indeed enormously amplified, exponentia
growing electromagnetic radiation containing largely u
shifted frequency components~as compared to the frequenc
of the incident electromagnetic wave! 2V confined to the CR
cone and 4V which is highly directional.

From Eqs.~35!–~37! and ~26!–~28! it is clear that the
first-order effect is given by the terms containingb, while the
second-order field effect is shown by the terms containingb2

and a. In order to separate the second from the first-or
effect we puta505b2 in Eqs. ~35!–~37! and see that ob
taining radiation of frequency 2V ~i.e., SESR-2V! is a first-
order effect, while getting SESR-4V and CR-like SESR are
second-order effects. No field effect is just the normal C
We further find the ratios of the field components for C
like SESR to be (Ez)CR-like/(Ez)CR<1,(Er)CR-like/(Er)CR
<1, for the entire range of external parameters. F
SESR-4V and SESR-2V we calculate the ratios of the fiel
components for four typical dielectrics~solid, liquid, and
gaseous! and show them in Table I.

The numerical values in the Table I clearly show that
second-order field effects are quite small compared to
first-order effects. Therefore, higher order calculations
03650
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performed, may give higher modes like 6V, 8V, etc., but
with rapidly decreasing field amplitudes.

V. GRAPHS AND CONTROLLING PARAMETERS

As the effect of SESR can be observed experiment
and may be of use in obtaining coherent radiation in
frequency region not covered by existing sources, it is
practical importance to study the variation of SESR w
different external parameters controlling the effect. The
fore, we have scanned the entire feasible ranges of the
rameters where our approximations maybe valid and h
calculated the SESR field components. We have consid
the values of the parameters in the ranges 3<E0<3
3105 statvolts/cm, 53107<v0<531015Hz, and 1.000 25
<n0<6.

As m5b0n021, by choosing 1026<m<1021, we have
determined allowedb0 values for a givenn0 , by usingb i
,1025. For different sets of values of~b0 , E0 , n0 , andv0!
we have determined the values of the parametersa and b,
evaluated the constantsa9–a22, and hence obtained the va
ues of field strengths of SESR components by using E
~35!–~37!. Our numerical calculations give the followin
conclusions.

~1! For anyE0 andn0 ~within the above ranges!, there is
no effect forv0<53109 Hz.

~2! For weak fields (3<E0<300 statvolts/cm) the effec
is possible for all dielectrics~gaseous, solid, and liquid! and
for v0 lying in the wide range 1010– 1015Hz.

~3! For stronger fields (33103<E0<3
3105 statvolts/cm) the effect is possible only for gaseo
and liquid dielectrics and not for solids, forv0 lying in the
narrow range 1013– 1015Hz.

In Figs. 1–10 we have presented our results graphica
We have expressed all the field components in units
e/2c2, so that a comparison is easy. In Fig. 1 we have sho
the correctness of our approximation by plotting the ratios
the important parametersVi /V0 , b i , and a/b for different
values of m for E053 statvolts/cm,v05531012Hz, and
n051.544. In the entire range ofm ~i.e., 1022<m<1026!,
Vi /V0;1026, b i;1026, a/b;1027. These values show
that we are right in takinga as the second-order paramet
andb as the first-order one, while retaining terms linear ina
and second order inb and neglecting all higher order term
like ab, a2, b3, etc.

b0 variation

In Figs. 2–4 we have shown the dependence of the e
tric field components of SESR on the parameterb0 ~which is
1-8
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FIG. 1. Variation of the ratios
of the parametersVi /V0 , b i , and
a/b with respect tom, for E0

53 statvolts/cm, v055
31012 Hz, andn051.544.
o

ng

e
. In
also a measure of the electron energy!, for E053
3104 statvolts/cm, v05531015Hz, and n051.0025. We
have shown the variation of the electric field components
CR-like SESR in Fig. 2, SESR-2V in Fig. 3, and SESR-4V
in Fig. 4. Here we need to chooseb0>0.9975. Figure 2
shows that (Er)CR-like always exceeds the correspondi
(Ez)CR-like component. In units of e/2c2, (Er)CR-like
;103– 104 while (Ez)CR-like;100– 103. As b0 increases the
03650
f

CR-like components increase. The initial increase~when just
above the threshold! is faster than the later one.

Figure 3 shows that all three components ofE2V decrease
asb0 increases. Larger values ofE2V can be obtained as w
approach nearer to the threshold of superphase motion
units ofe/2c2, (Er)2V;1025– 1029, (Ez)2V;1024– 1027, and
(Ef)2V;107– 1010, showing that (Er)2V>(Ez)2V

@(Ef)2V . Therefore for SESR-2V(Ef)2V is negligible.
-
FIG. 2. Componentwise varia
tion of the electric field of CR-like
SESR,ECR-like, in units of e/2c2

with respect to b0 , for E053
3104 statvolts/cm, v055
31015 Hz, andn051.0025.
1-9
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FIG. 3. Componentwise varia
tion of the electric field of SESR-
2V, E2V , in units of e/2c2 with
respect to b0 , for E053
3104 statvolts/cm, v055
31015 Hz, andn051.0025.
r

Figure 4 shows that all three components ofE4V decrease

as b0 increases above threshold. As we approach close
the threshold value, larger values ofE4V can be obtained. In
units of e/2c2,(Ez)4V;1019– 1024, (Er)4V;109– 1013, and
03650
to
(Ef)4V;101– 106, showing that (Ez)4V@(Er)4V

@(Ef)4V . Therefore, for SESR-4V only (Ez)4V needs to be
considered, while for SESR-2V both components (Er)2V

and (Ez)2V are important.
-
FIG. 4. Componentwise varia
tion of the electric field of SESR-
4V, E4V , in units of e/2c2 with
respect to b0 , for E053
3104 statvolts/cm, v055
31015 Hz, andn051.0025.
1-10
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FIG. 5. Componentwise varia
tion of all the electric fields of
SESR,ECR-like, E2V , andE4V , in
units of e/2c2 with respect tob0

~1! for solid with n055, E0

530 statvolts/cm, and v055
31015 Hz; ~2! for liquid with n0

51.15, E0530 statvolts/cm, and
v05531013 Hz; and ~3! for gas
with n051.0025, E053
3104 statvolts/cm, and v055
31015 Hz.
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Figures 3 and 4 also show that (Ez)4V /(Ez)2V

;1025– 1023, (Er)4V /(Er)2V;10216, (Ef)4V /(Ef)2V

;1026– 1024. Therefore the second-order effect of getti
SESR-4V is quite small~at least three orders of magnitud
less! as compared to the corresponding first-order effec
getting SESR-2V.

In Fig. 5 we have shown the variation, at a glance, of
eight components of SESR, viz.,ECR-like, E2V , and E4V ,
with respect to b0 for ~1! a solid (n055) with E0

530 statvolts/cm,v05531015Hz; ~2! a liquid (n051.15)
with E0530 statvolts/cm,v05531013Hz; and ~3! a gas
(n051.0025) with E05104 statvolts/cm, v05531015Hz.
side by side, for easy comparison. All the components
pearing in Fig. 5 show behavior similar to that described
Figs. 2–4. Figure 5 shows that for a solidb0>0.2, for a
liquid b0>0.865, and for a gasb0>0.9975. Therefore for
solids the effect can be obtained for quite small values ofb0

with weak fields~;30 statvolts/cm!.

E0 variation

In Fig. 6 we have shown the componentwise variation
all the electric fields of SESR, viz.,ECR-like, E2V , andE4V ,
in units of e/2c2 with respect toE0 in units of statvolts/cm,
for n051.0025,v05531015Hz, andb050.9975. It shows
that CR-like SESR is not changed asE0 is varied. AsE0 is
increasedE2V andE4V also increase but the increase in
the components ofE2V is the same. All the components o
E4V also show the same increase, but the increase of
components ofE4V is more than for those ofE2V . This is
quite right since gettingE4V is a second-order field effec
while gettingE2V is a first-order one.
03650
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v0 variation

In Fig. 7 we have shown the componentwise variation
all the electric fields of SESR, viz.,ECR-like, E2V , andE4V ,
in units of e/2c2 with respect to v0 in Hz, for E0
53 statvolts/cm,n051.025, andb050.9854. It shows that
there is no change in CR-like SESR asv0 is varied. Ther
andz components of SESR-2V remain the same while itsf
component decreases. But all the components ofE4V show a
linear decrease asv0 is increased. Thus as we go from th
optical to the microwave region SESR-2V remains un-
changed, but SESR-4V gives a greater contribution in th
microwave region than in the optical region.

n0 variation

In Fig. 8 we have shown the componentwise variation
the electric field of SESR, viz.,ECR-like, E2V , and E4V in
units of e/2c2 with respect ton0 , for E053 statvolts/cm,
v05531013Hz, andm5531025. CR-like SESR shows
a very small linear reduction while all other componen
show an increase with increase inn0 . SESR-2V and
SESR-4V show a very fast rise in the field components up
n0<1.2. For larger values ofn0 the increase in the field
components is slower.

In Fig. 9 we have shown the variation of the ratios of t
electric field components ofE4V to the corresponding com
ponents ofE2V with respect tom, for E053 statvolts/cm,
v05531012Hz, and n051.544. It shows that
(Er)4V /(Er)2V;10215, (Ez)4V /(Ez)2V;1022, and
(Ef)4V /(Ef)2V;1022– 1023. Therefore we can say tha
the first-order effect of getting SESR-2V dominates over the
1-11
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FIG. 6. Componentwise varia
tion of all the electric fields of
SESR,ECR-like, E2V , andE4V , in
units of e/2c2 with respect toE0

in units of statvolts/cm, forn0

51.0025, v05531015 Hz, and
b050.9975.
R
e
f t
th

CR.

second-order effect of getting SESR-4V.

In Fig. 10 we have shown the variation of CR-like SES
with respect tob0 . To compare it with the normal CR w
have expressed the CR-like SESR components in units o
corresponding CR components. Figure 10 also shows
03650
he
at

(Er)CR-like/(Er)CR<1 and (Ez)CR-likes/(Ez)CR<1. Therefore
CR-like SESR never exceeds the corresponding normal
Very near to the threshold (0.1666,b0,0.1668) there is a
maximum reduction in CR-like SESR, which is;0.12%.
Thus normal CR is almost unaffected.
-
FIG. 7. Componentwise varia
tion of all the electric fields of
SESR,ECR-like, E2V , andE4V , in
units of e/2c2 with respect tov0

in Hz, for E053 statvolts/cm,n0

51.025, andb050.9854.
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FIG. 8. Componentwise varia
tion of all the electric fields of
SESR,ECR-like, E2V , andE4V , in
units of e/2c2 with respect ton0 ,
for E053 statvolts/cm, v055
31013 Hz, andm5531025.

FIG. 9. Variation of the ratios
of the electric field components o
E4V to the corresponding compo
nents ofE2V with respect tom for
E053 statvolts/cm, v055
31012 Hz, andn051.544.
036501-13
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FIG. 10. Variation of the ratios
of the electric field components
(Er)CR-like/(Er)CR and
(Ez)CR-like/(Ez)CR with respect to
b0 , for E05300 statvolts/cm,v0

5531015 Hz, andn056.
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VI. SUMMARY AND CONCLUSIONS

Summary

Our rigorous classical relativistic second-order calcu
tions have shown that SESR indeed gives out exponent
growing, highly directional, enormously amplified electr
magnetic radiation of greatly upshifted frequency comp
nents viz., 2V and 4V ~where 101<V/v0<107!, propagat-
ing nearly along thez direction ~within the cone of angleu
,2° 108!. The 2V component is due to the first-order fie
effect and the 4V is because of the second-order field effe
The 4V component is much smaller in amplitude~by at least
two orders of magnitude! than the 2V component. Therefore
if higher order calculations are performed, we expect to
tain higher frequency modes with successively rapidly
creasing amplitudes, i.e., the third-order effect may giv
6V component, fourth-order may give an 8V component,
and so on, but their amplitudes will be successively sma
As the second-order calculation was quite involved, in or
to check whether or not it gave any interesting results
simplest situation of a dispersionless dielectric was chose
indeed resulted in the following interesting conclusions.

Conclusions

~1! In the regime of small fields, our rigorous calculatio
do confirm most of the claims made by Schneider a
Spitzer @1–6# in the case of a nondispersive dielectric m
dium.

~2! Our final expressions@Eqs.~35!–~37!# do show all the
characteristics of SESR, namely, directionality, coheren
orders of magnitude enhancement over ordinary CR, ex
nential growth, and a large upshift in frequency as compa
to the incident electromagnetic wave in the most sensi
region, which is just above~i.e., very much in the vicinity of!
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the threshold of superphase motion.
~3! Our results can provide the field strengths of SE

exactly.
~4! Our graphical results provide the variation of SES

with respect to all the external parametersb0 , E0 , v0 , and
n0 governing the process and hence can be used for t
selection to perform experiments.

~5! The results obtained are of importance in achievin
tunable source of coherent radiation in the frequency reg
not covered by existing sources.

Since these second-order calculations have revealed m
interesting and useful results, further calculations for the d
persive dielectrics are necessary for more realistic situatio
Strictly speaking, the assumption that the electron’s veloc
is constant is not true. Because of unwanted processes
scattering, excitation, ionization, etc., the electron loses
ergy and does not remain for a long time in phase with
wave. In order to minimize these losses, the electron can
passed parallel to but just above the surface of a dielec
and so the situation of a semi-infinite dielectric may be
practical importance. Work in this direction is in progre
and results will be communicated elsewhere.
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APPENDIX A

Substituting from Eqs.~6!–~9! in Eq. ~5! and writing the
resulting equations componentwise we get@36#
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Fx50, ~A1!

Fy52eEigeS 11
n0vz

c D5
d

dt
~gm0vy!, ~A2!

Fz5
ege

c
Ein0vy5

d

dt
~gm0vz!. ~A3!

Substituting for the velocity components using Eq.~10! and
keeping only the first-order terms inm @37# we get

g5
n0

An0
221

F11
muz

n0
221G . ~A4!

Using Eqs.~10! and ~A4! in Eqs. ~A2! and ~A3!, keeping
only the dominant first-order terms inm, we get

duy

dt
52

d

m
sin~f012Vt !, ~A5!

duz

dt
5 f uy sin~f012Vt !, ~A6!

where

f 5
eE0g~n0

221!3/2

m0c
, d5

2egeE0An0
221

m0c
,

and the initial phasef05k0z0 .
Integrating Eqs.~A5! and~A6! with respect tot and using

the initial conditions@38# we get

uy5
2d

2mV
sin 2Vt, ~A7!

uz511
f d

16mV2 ~cos 4Vt21!. ~A8!

Substituting Eqs.~A7! and ~A8! in Eqs.~10!,

vy52
cd

2Vn0
sin 2Vt, ~A9!

vz5v01vz8 , ~A10!

where v05(c/n0)(11m) and vz85(c f d/16V2n0)(cos 4Vt
21).

APPENDIX B

Ez component

To calculate theEz component from Eq.~25a! we use the
relation ~25b! and combine thej 0 part of thej z term @given
by Eqs.~22! and~23!# with thekzr term, and calculate thej 1
part of thej z term @given by Eqs.~22! and ~24!# separately.
Substituting the value ofr(k,v) from Eq. ~20! and j 1 from
Eq. ~24! in Eq. ~25a! we write theEz component as

~Ez!5~Ez!11~Ez!2 , ~B1!
03650
where

~Ez!15
2 iev08

2p2c2 (
l ,m52`

1`

elp i /2

3E
0

`

krdkrE
0

2p

dfE
2`

1`

dkzE
2`

1`

dv

3ei @vt2krr cos~f2f8!2kzz#Jl~bkr!Jm~akz!

3d(v2kzv0822V~ l 12m!…
12c2kz /v08ev

2kr
22kz

21ev2/c2

~B2!

and

~Ez!25
2 ieaV

p2c2 (
l ,m52`

1`

elp i /2

3E
0

`

krdkrE
0

2p

dfE
2`

1`

dkzE
2`

1`

dv v

3ei ~vt2krr cos~f2f8!2kzz!S Jl~bkr!Jm~akz!

kr
21kz

22 ev2/c2D
3@d„v2kzv0822V~ l 12m12!…

1d„v2kzv0822V~ l 12m22!…#. ~B3!

To perform the multiple integrals appearing in Eqs.~B2!
and ~B3! we evaluate first the integral with respect tof as
@5#

E
0

2p

df e2 ikrr cos~f2f8!52pJ0~rkr!, ~B4!

and then do the integrals with respect tokz using the prop-
erties of thed function ~which imply that the integrands wil
contribute only for particular values ofkz specified by the
arguments of thed functions appearing therein!. The inte-
grals with respect tokr performed last@39# are found to be of
the type@40#

E
0

` krdkrJ0~rkr!Jn~bkr!

kr
22B2 }H0

~2!~rB!Jn~bB!, ReB.0,

~B5!

where n50,1,2,... andH0
(2)(rB) is the Hankel function of

the second kind. In the present second-order calculations
neglect higher order terms ina2,a3,... andb3,b4,... while
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retaining terms containinga, b, andb2 in the integrated ex-
pressions derived from Eqs.~B2! and ~B3! by using Eqs.
~B4! and~B5!. As Jl(bB)}(bB) l / l !, it is enough to take the
contributions froml 50,61,62 andm50,61 terms out of
03650
infinite sums with respect tol andm appearing in Eqs.~B2!
and ~B3!. Thus after performing the multiple integrals a
pearing in Eqs.~B2! and~B3! and summing with respect tol
in the integrated expressions we get
~Ez!15
e

2c2 (
m50,61

E v dv eivtH S 12
c2k0

v08ev D Jm~ak0!J0~bA0!H0
~2!~rA0!e2 ik0z2S 12

c2k12

v08ev D Jm~ak12!J2~bA12!

3H0
~2!~rA12!e2 ik12z2S 12

c2k22

v08ev D Jm~ak22!J2~bA22!H0
~2!~rA22!e2 ik22z

1e2p i /2F S 12
c2k11

v08ev D Jm~ak11!J1~bA11!H0
~2!~rA11!e2 ik11z1S 12

c2k21

v08ev D Jm~ak21!J1~bA21!

3H0
~2!~rA21!e2 ik21zG J ~B6!

and

~Ez!25
eaV

c2v08
(

m50,61
E v dv eivt$Jm~ak12!J0~bA12!H0

~2!~rA12!e2 ik12z1Jm~ak22!J0~bA22!H0
~2!~rA22!e2 ik22z

2Jm~ak128 !J2~bA128 !H0
~2!~rA128 !e2 ik128 z22Jm~ak0!J2~bA0!H0

~2!~rA0!e2 ik0z2Jm~ak228 !J2~bA228 !

3H0
~2!~rA228 !e2 ik228 z1e2p i /2@Jm~ak118 !J1~bA118 !H0

~2!~rA118 !e2 ik118 z1Jm~ak21!J1~bA21!H0
~2!~rA21!e2 ik21z

1Jm~ak11!J1~bA11!H0
~2!~rA11!e2 ik11z1Jm~ak218 !J1~bA218 !H0

~2!~rA218 !e2 ik218 z#%, ~B7!

where

k05
v24mV

v08
, A0

25
ev2

c2 2k0
2,

k615
v24mV72V

v08
, A61

2 5
ev2

c2 2k61
2 ,

k625
v24mV74V

v08
, A62

2 5
ev2

c2 2k62
2 ,

k618 5
v24mV76V

v08
, A6182 5

ev2

c2 2k6182 ,

k628 5
v24mV78V

v08
, A6282 5

ev2

c2 2k6282 .

Comparing term by term and appropriately combining Eqs.~B6! and~B7! and rearranging we get from Eq.~B1! the following
equation for theEz component:

Ez~r ,t !5
e

2c2 (
m50,61

E v dv eivtXJm~ak0!H0
~2!~rA0!F S 12

c2k0

v08ev D J0~bA0!2
4aV

v08
J2~bA0!G

3e2 ik0z1Jm~ak12!H0
~2!~rA12!F2S 12

c2k12

v08ev D J2~bA12!1
2aV

v08
J0~bA12!Ge2 ik12z1Jm~ak22!H0

~2!~rA22!

3F2S 12
c2k22

v08ev D J2~bA22!1
2aV

v08
J0~bA22!Ge2 ik22z2

2aV

v08
@Jm~ak128 !J2~bA128 !H0

~2!~rA128 !e2 ik128 z
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1Jm~ak228 !J2~bA228 !H0
~2!~rA228 !e2 ik228 z#1e2~p i /2!H Jm~ak11!H0

~2!~rA11!J1~bA11!F2aV

v08
1S 12

c2k11

v08ev D G
3e2 ik11z1Jm~ak21!H0

~2!~rA21!J1~bA21!F2aV

v08
1S 12

c2k21

v08ev D Ge2 ik21z1
2aV

v08
Jm~ak118 !

3H0
~2!~rA118 !J1~bA118 !e2 ik118 z1

2aV

v08
Jm~ak218 !H0

~2!~rA218 !J1~bA218 !e2 ik218 zJ C. ~B8!
y

d

re-

n

We calculate them50 andm561 contributions separatel
from Eq. ~B8! using

J0~ak0!;1, J1~ak!;
ak

2
,

J0~bA!;S 12
b2A2

4 D , J2~bA!;
~bA!2

8
.

Keeping terms linear inb anda and second order inb while
neglecting terms of the order ofab and then comparing an
appropriately combining the terms in Eq.~B8!, we finally get
Eq. ~26! for the Ez component.

Er component

To calculate theEr component we use the relation~25c!
and substitute the values ofj r(k,v) from Eq. ~21! and
r(k,v) from Eq. ~20! in Eq. ~25a! to obtain

Er5~Er!11~Er!2 , ~B9!

where

~Er!15
2 iebV

4p2c2 (
l ,m52`

1`

e~ ip/2!~ l 21!

3E
0

`

krdkrE
0

2p

dfE
2`

1`

dkzE
2`

1`

v dv

3ei @vt2krr cos~f2f8!2kzz#
Jl~bkr!Jm~akz!

kr
21kz

22ev2/c2

3$d„v2kzv0822V~ l 12m11!…

2d„v2kzv0822V~ l 12m21!…% ~B10!

and

~Er!25
2 ie

pe (
l ,m52`

1`

eip l /2E
0

`

kr
2dkrE

0

2p

dfE
2`

1`

dkzE
2`

1`

dv

3ei @vt2krr cos~f2f8!2kzz#
Jl~bkr!Jm~akz!

kr
21kz

22ev2/c2

3@d„v2kzv0822V~ l 12m!…#. ~B11!
03650
From Eqs.~B10! and ~B11! we observe that thef integral
appearing in this case is the same as that given by Eq.~B4!.
The integral with respect tokz can be performed usingd
functions. Thekr integrals appearing in Eq.~B10! are again
of the same type given by Eq.~B5! while that appearing in
Eq. ~B11! is different, containingkr

2 ~rather thankr!, but can
be evaluated@39# to get Eq.~27! for Er .

Ef component

To calculate theEf component from Eq.~25a! we use the
relation~25d!, substitute the value ofr(k,v) from Eq. ~20!,
and obtain

Ef~r ,t !5
2 ie

2p2e (
l ,m52`

1`

eip l /2

3E
0

`

krdkrE
0

2p

df fE
2`

1`

dkzE
2`

1`

dv

3ei @vt2krr cos~f2f8!2kzz#
Jl~bkr!Jm~akz!

kr
21kz

22ev2/c2

3@d„v2kzv0822V~ l 12m!…#. ~B12!

We first evaluate the integral with respect tokz using thed
function. We observe that in this case the integral with
spect tof is changed. Denoting it byI f we write from Eq.
~B12!

I f5E
0

2p

feikrr cos~f2f8!df. ~B13!

To evaluateI f we use Eq.~19! to express the exponential i
terms of the Bessel functionJn(krr) ~which, being indepen-
dent off, can be taken outside the integral with respect tof!
and obtain

I f5 (
n52`

1`

~2 i !nJn~krr!e2 inf8I f8 , ~B14!

where

I f8 5E
0

2p

fe2 inf8df,
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which is evaluated for thenÞ0 andn50 cases separately t
obtain

I f8 5H 2p

2 in
for nÞ0

2p2 for n50.

~B15!

The integral with respect tokr appearing in Eq.~B12! is of
the same type given by Eq.~B5!. Performing the multiple
integrals appearing in Eq.~B12! with the help of Eqs.~B5!,
~B13!, ~B14!, and ~B15! and retaining terms up to secon
order@41#, and properly simplifying, we obtain theEf com-
ponent as given by Eq.~28!.

APPENDIX C

For integrating Eqs.~32!–~34! with respect tov, we use
the asymptotic form ofH0

(2)(rA), viz.,

H0
~2!~rA!→A2/prAe2 irAep i /4. ~C1!

The first ~CR-like! terms of Eqs.~32! and ~33! can be
integrated using tables@30# to give

E
2`

1`
Av dv eivL52

Ap

2&

1

L3/2, ReL.0. ~C2!

The remaining SESR terms of Eqs.~32!–~34! can be inte-
grated using the well known approximation formula@29#
given by the stationary phase method@24# as

E
v1

v2
dv F~v!ei f ~v!5

A2pF~v08!

Au f 9~v08!u
ei f ~v08!6 ip/4, ~C3!

wherev08 denotes the root of the equation

f 8~v08!5
d f

dvU
v5v

08
50, ~C4!

which lies within the range of the integration (v1,v08
,v2), and where the upper or the lower sign is to be tak
in the exponential asf 9(v08) is positive or negative.

If Eq. ~C4! has no roots within the range of integratio
the integral~C3! vanishes in the first approximation. Equ
tion ~C3! is valid under the condition thatei f (v) goes through
a large number of periods within the range of integratio
while F~v! changes comparatively slowly and the value
f-(v08)$ f 9(v08)%

23/2 is small.
or

03650
n

,
f

We convert the integrals appearing in Eqs.~32!–~34!
from ~2`,1`! to ~0,̀ !, combine theA6 andA68 terms ap-
propriately, and use Eq.~C3! to obtain the integrals

E
2`

1`

dv eivt8H0
~2!~rA6!e7 i ~4Vz/v08!

5
4

AiAa1

erAb1
2/4a11c1

r
cosS b1t8

2a1
2

4Vz

v08
D , ~C5!

E
2`

1`

v dv eivt8H0
~2!~rA6!e7 i ~4Vz/v08!

5
2Aib1

~a1!3/2

erAb1
2/4a11c1

r
sinS b1t8

2a1
2

4Vz

v08
D , ~C6!

E
2`

1`

v2dv eivt8H0
~2!~rA6!e7 i ~4Vz/v08!

5
b1

2

Ai ~a1!5/2

erAb1
2/4a11c1

r
cosS b1t8

2a1
2

4Vz

v08
D , ~C7!

E
2`

1`

v dv eivt8H0
~2!~rA68 !A68 e7 i ~2Vz/v08!e7p i /2

5
2 i 3/2b1

a1
3/2 S b1

2

16a1
1

c1

4 D 1/2erAb1
2/16a11c1/4

r

3cosS b1t8

4a1
2

2Vz

v08
D , ~C8!

and

E
2`

1`

dv eivt8H0
~2!~rA68 !A68 e7 i ~2Vz/v08!e7p i /2

5
4i 1/2

Aa1
S b1

2

16a1
1

c1

4 D 1/2erAb1
2/16a11c1/4

r
sinS b1t8

4a1
2

2Vz

v08
D .

~C9!

Using the integrals~C2! and ~C5!–~C9! we evaluate all the
integrals appearing in Eqs.~32!–~34! and obtain the final
result given by Eqs.~35!–~37!.
@1# S. Schneider and R. Spitzer, Nature~London! 250, 643~1974!.
@2# S. Schneider and R. Spitzer, Can. J. Phys.55, 1499~1977!.
@3# S. Schneider and R. Spitzer, Appl. Phys.13, 197 ~1977!.
@4# S. Schneider and R. Spitzer, IEEE Trans. Microwave The

Tech.MTT-25 , 551 ~1977!.
@5# S. Schneider and R. Spitzer, Phys. Quantum Electron.5, 301

~1978!; 5, 347 ~1978!.
y

@6# S. Schneider and R. Spitzer, Phys. Quantum Electron.7, 323
~1980!.

@7# W. W. Zachary, Phys. Quantum Electron.7, 779 ~1980!.
@8# N. M. Kroll, Phys. Quantum Electron.7, 355 ~1980!.
@9# J. Soln, Phys. Rev. D18, 2140~1978!.

@10# W. W. Zachary, Phys. Rev. D20, 3412~1979!.
@11# A. A. Risbud and R. G. Takawale, J. Phys. A12, 905 ~1979!.
1-18



s

uk

d’

he

z.

th
ery

al

STIMULATED ELECTROMAGNETIC SHOCK . . . PHYSICAL REVIEW E63 036501
@12# W. Becker, Phys. Rev. A23, 2381~1981!.
@13# A. A. Risbud, J. Phys. A20, 2743~1987!.
@14# I. Frank and Ig. C. R. Tamm, Acad. Sci. URSS14, 109~1937!.
@15# J. Jelley,Cherenkov Radiation~Pergamon, London, 1958!, p.

21.
@16# V. P. Zrelov, Cherenkov Radiation in High Energy Physic

~Atomitzdat, Moscow, 1968!, Parts I and II.
@17# V. M. Arutyunyan and S. G. Oganesyan, Usp. Fiz. Na

@Phys. Usp.37, 1005~1994!#.
@18# V. M. Harutunia and S. G. Orgenesyn, Phys. Rep.270, 217

~1996!.
@19# The name is rather misleading due to the word ‘‘stimulate

and so there were many objections~e.g.,@8#! to this name, with
which we agree; but we use it here for convenience.

@20# Here the presence of a medium of dielectric constante ~which
is greater than 1! causes greater frequency upshift than in t
vacuum situation@9#.

@21# P. Penfield and D. S. Hermann,Electrodynamics of Moving
Media ~MIT Press, Cambridge, MA, 1967!, p. 114.

@22# L. D. Landau, E. M. Lifshitz, and L. P. Pitaevskii,Electrody-
namics of Continuous media, 2nd ed. ~Pergamon, Oxford,
1984!, p. 262.

@23# I. M. Frank, Yad. Fiz.7, 1100 ~1968! @Sov. J. Nucl. Phys.7,
660 ~1968!#.

@24# J. D. Jackson,Classical Electrodynamics, 2nd ed.~Wiley, New
York, 1975!, pp. 522,523,317.

@25# V. M. Arutyunyan and G. K. Avetisyan, Zh. Eksp. Teor. Fi
62, 1639~1972! @Sov. Phys. JETP35, 854 ~1972!#.
03650
’

@26# See Appendix A for details of the calculations.
@27# Handbook of Mathematical Functions, edited by M.

Abramowitz and I. A. Stegun~Dover, New York, 1970!.
@28# See Appendix B for details of the calculations.
@29# I. G. Tamm, J. Phys.~Moscow! 1, 439 ~1939!; 1, 446 ~1939!.
@30# H. Batemann,Table of Integral Transforms, Vol. I of Bate-

mann Manuscript Project, edited by A. Erdelyi~McGraw-Hill,
New York, 1954!, pp. 15,135.

@31# Y. L. Luke, Integrals of Bessel Functions~McGraw-Hill, New
York, 1962!, p. 147.

@32# In our calculations, the parameterm introduced in Eq.~10! is
(b0n021), and it is used in the linearization procedure wi
m!1. This ensures that we are considering the region v
near the threshold of superphase motion.

@33# See Appendix C for details of integration.
@34# As (eb08

221)21.1/2m@1.
@35# 100 MeV electrons traversing 1 cm of H2O over a waveband

of 4000–5000 Å give a CR yield;2.7 keV 5 3.3310223 J
when the full rangev50 – 1016 Hz is taken.

@36# Note that the Lorentz force equation is valid in all inerti
frames.

@37# Note thatm5(b0n021)!1.
@38# To ensureuyu t5050, we have to choosef05p/2.
@39# H. Batemann,Table of Integral Transforms~Ref. @30#!, Vol.

II, p. 49.
@40# Here the formulas~11!–~16! of Ref. @39# are used.
@41# Heref856p is chosen.
1-19


